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Numerical study of stress distribution in sheared granular material in two dimensions
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D. Sulsky
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We simulate the response of dense granular material to shear. Our simulations use a micromechanical model
which includes realistic material models for each deformable grain, and a Coulomb friction model for inter-
actions between grains. We measure the probability density function~PDF! governing the volume distribution
of stress for monodisperse and polydisperse samples, circular and polygonal grains, and various values of
microscopic friction coefficients, yield stresses, and packing fractions. Remarkably, PDF’s are similar in form
for all cases simulated, and similar to those observed in experiments with granular materials under both
compression and shear. Namely, the simulations yield an exponential probability of large stresses above the
mean. The relationship between distributions of boundary tractions and volume distributions of stress is
discussed. The ratio of normal and tangential components of traction on the boundary defines a bulk frictional
response, which is shown to increase with the intergranular friction coefficient. However, the bulk friction is
always larger than the intergranular friction for densely packed samples. Bulk friction is also strongly depen-
dent on grain size distribution and shape. New observations of force-chain banding during recrystallization, of
slip systems in monodisperse samples, and of the effects of plastic yield, are also presented.

PACS number~s!: 45.70.2n, 83.70.Fn, 62.20.2x, 46.25.Cc
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I. INTRODUCTION

The physics of granular material is complex. At times
can display behavior reminiscent of solids, fluids, or gas
but at others it can behave differently from any of the
forms of matter@1,2#. Further, the absence of a continuo
displacement field in a granular material is an obstacle
characterizing the response of granular materials by rela
stress and strain as is usually done in continuum mecha
@3#. Through micromechanical simulations, like those p
sented here, one seeks to discover the underlying phy
laws governing the behavior of granular materials, and to
these to develop macroscopic models that will reprod
some of the observed complexity.

Simple models of the interactions among individu
grains have provided remarkable agreement with exp
ments. For example, theq model@4# predicts the distribution
of boundary forces associated with force chains@5,6#, and
contact dynamics simulations explore the relationship
tween Coulomb friction between grains and the bulk beh
ior @7,8#. These models idealize the material properties
individual grains and of their interactions, and thus lea
unanswered many questions about the bulk properties of
granular material. Major questions remain unresolved, s
as the choice of appropriate variables for a bulk descript
whether hydrodynamic equations are applicable, and how
include history dependence@9#.

With careful attention to efficient algorithms, microm
chanical simulations can be used effectively to study
physics of granular materials. For individual grains, realis
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constitutive models are available. With the addition of a co
tact model for the interactions between grains, one can si
late many grains in a single computational experim
@10,11#.

A striking result of experiments and simulations of gran
lar materials is the high level of fluctuations that occur wh
samples undergo shear or compression. Under compres
a small fraction of the grains participate in force chains a
have large contact forces. Force chains seem to be assoc
with an exponential probability distribution of forces an
stresses above the mean@12–14#. A simple theoretical mode
for the probability distribution of the magnitude of norm
contact forces@4# assumes that inhomogeneous particle
rangements cause an unequal distribution of force trans
sion between neighboring particles, which leads to chain
particles transmitting above average forces.

The simulation of granular materials under shear is w
suited to the study of the statistics of the observed fluct
tions. Under compression, the network of force chains is
tionary in time over a range of deformation. If the range
deformation is increased, damage to the sample will res
To identify the probability density function from simulatio
experiments of compressive loading, it is necessary eithe
perform a single simulation with a very large number
grains, or to perform a very large number of simulations w
a moderate number of grains. Under shear@15,16#, force
chains persist briefly before being replaced. Slow shear g
erates an ensemble of statistically independent states
static equilibrium with similar history@17#. Intermittently,
the grains bind and deform, i.e., translation and sliding
insufficient to accommodate the deformation. Further sh
relieves binding and the force chains disappear to be
placed by new force chains. Thus, simulations with a re
tively small number of grains subjected to large strains p

g,
3882 ©2000 The American Physical Society



te
n

o

on

nd

fi

s
in
l

ar
ou
st
rs
n
u
o
lo
.

ra

th
ce
od
e
a
ll
o

ra

in
-
ic
ar

is

ar
s

tic-
.
ite
the
n-
nt.
ra-
rial

eri-
and
and
ct
the

as-
of

ef-
o-
um
nite
is

rial
in-
ive
ate
The
ems

ith
m-

atic
s

es
with
s a
of
s
x-
in

ge-
ns-
re-
for

tic-
a
is

rial
MX
e,
e
Pa,
900

PRE 62 3883NUMERICAL STUDY OF STRESS DISTRIBUTION IN . . .
through a large number of statistically independent sta
from which one can recover the underlying probability de
sity function.

Although there are several recent modeling studies
granular shear using the distinct element method@18–20#,
the statistics of the fluctuations are not reported. Morgan@20#
considers the effect of particle size distribution and fricti
on the strength of granular shear zones. Schwarzet al. @18#
examine strain rate dependence and strain distribution u
shear. The cases considered by Schwarzet al. are for lower
strain rates than are considered here, but with similar
densities. Morgan and Boettcher@19#, using a contact law
derived from Hertz-Mindlin contact theory, observe stre
bridging that migrates through the shear zone with increas
strain. Schwarzet al. @18#, using a repulsive core potentia
between elements, do not observe stress bridging.

Here, the volume and boundary distribution of stress
examined for dense granular material under continu
shear. Results of simulations with deformable, elastic-pla
grains and Coulomb friction are presented for monodispe
and polydisperse granular samples, circular and polygo
cross-section grains, and various values of the intergran
friction, packing fraction, and yield stress. Observations
the effects of these parameters on resistance to shear,
carrying mechanisms, and deformation modes are made

II. APPROACH

In experiments that shear disks at constant volume, a t
sition occurs at a critical packing fractiong'0.78 @16#. The
packing fraction is defined as the ratio of the volume of
grains to that of their container. Below the transition, for
chains appear occasionally. Contact is brief and well m
eled as collisions using, for example, the discrete elem
method. Above the transition, grains are in persistent cont
and a dense, evolving network of force chains is continua
present. At the transition and above, the regime primarily
interest here~referred to as ‘‘dense’’ granular material!, per-
sistent contact and large, localized stress require accu
modeling of contact tractions and granular deformation.

We simulate granular materials with the material-po
method ~MPM! @21–23#. The simulations are two dimen
sional. Grains deform according to a continuum mechan
model in which conservation of mass and momentum
enforced. Ifr(x,t) is the mass density at pointx at time t,
andv(x,t) is the velocity field, then conservation of mass

dr

dt
52r“•v, ~1!

in which the time derivative is the material derivative

d

dt
5

]

]t
1v•“. ~2!

Conservation of momentum is

r
dv

dt
5“•s, ~3!

wheres is the Cauchy stress tensor. Different materials
modeled through a constitutive equation that relates stres
s,
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strain or strain rate. Versions of hyperelasticity, hypoelas
ity, plasticity, and viscoelasticity have been implemented

In the discrete formulation, each grain consists of a fin
collection of material points that are tracked throughout
simulation. Each material point is given an initial mass co
sistent with the material density and volume of the poi
Material parameters such as Young’s modulus, Poisson’s
tio, and yield strength are also assigned to each mate
point according to the material it represents. As the num
cal solution proceeds, the material points are updated
carry the solution variables such as velocity, stress,
strain. ~By contrast, in the distinct element method conta
forces between grains are the principal variables, and
volume distribution of stress is unknown@24,25#.! Finite de-
formation constitutive models with internal variables are e
ily implemented in MPM, and accurately applied, because
error-free advection of constitutive parameters.

To determine the motion of the material points in an
ficient manner, information from the material points is pr
jected onto a background computational grid. The continu
equations are discretized on this grid using standard fi
differences or finite elements. The solution on the grid
then used to update the position and velocity of the mate
points. Also, strain increments computed on the grid are
terpolated to the material point position so that a constitut
equation can be evaluated for each material point to upd
its stress state. Details may be found in the references.
material-point method has been validated on such probl
as elastic wave propagation@21#, the Taylor impact problem
@22,23#, and the upsetting problem@23#. Simulations with
MPM have been compared to the same simulations w
other finite element and finite difference methods, and co
pared to analytical solutions and experiments.

Interactions between grains are modeled by a kinem
contact algorithm, which forbids interpenetration but allow
separation, sliding with friction, and rolling@11#. Calculation
of a Coulomb friction law in a common rest frame eliminat
a separate contact detection step, achieves a solution
one sweep through the computational mesh, and yield
linear scaling of the computational cost with the number
grains@11#. By comparison, pairwise interaction algorithm
scale quadratically. It is also worth noting that the comple
ity of the contact algorithm does not increase if the gra
shape is varied, so one can easily model complex initial
ometry and grain deformation. Momentum and energy tra
port during collisions have been investigated with good
sults @26#, and other tests show reasonable accuracy
contact forces@11# using MPM.

In this paper, grains are modeled using von Mises plas
ity with linear hardening. A plastic material model dictates
linear elastic material response until a yield criterion
reached. The von Mises yield criterion is 3J22Y250, where
s is the deviatoric stress tensor,s5s2Tr@s#/3, J2 is the
second invariant ofs, J25 1

2 s:s, and Y is the plastic yield
stress. Linear hardening means thatY increases linearly with
the second invariant of the plastic strain tensor. The mate
constants are chosen to model the energetic crystal H
~high melting explosive, a mixture of cyclotetramethylen
tetranitramine, and octogen!. The shear and bulk moduli ar
7.5 GPa and 11.4 GPa, the initial yield strength is 300 M
the hardening modulus is 10 MPa, and the density is 1
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kg/m3. A nominal friction coefficient of 0.3 is used in th
simulations and the effect of varying it is examined. T
actual friction coefficient associated with HMX is hard
measure, and may be higher@27#.

Ultimately of interest is the accurate numerical simulati
of the response of plastic bonded explosives~PBXs!, which
are very dense,g.0.90, particulate composites, with grain
that are embedded in a polymeric binder. For these mate
shear is accommodated in part by granular fracture@28#. For
large shear, debonding of the interstitial material from
grains also plays a role. In the interest of starting with a m
tractable problem and comparing with experimental data
the microscale~essentially only available post-mortem fo
PBXs!, we consider dry granular material with lower pac
ing fractions,g50.65 and 0.78, where fracture is unlikel
The effects of grain size distribution, material properties, a
friction coefficient are studied.

We consider both monodisperse and polydisperse sam
of granular material. For the monodisperse samples, we
gin with a regular hexagonal packing of 370, same rad
cylinders, Fig. 1. The maximum packing fraction for a he
agonal array in two dimensions isp/2A3'0.91. A 5.1mm
gap between 32.6mm radius cylinders reduces the packin
fraction tog50.78. Reducing the cylinder radius further
29.7 mm results ing50.65. A 1.2631.22 mm domain is
resolved by a 1563150 uniform grid with square cells 8.1
mm on a side, which yields approximately 50 cells per c
inder forg50.78. There are roughly four material points p
cell.

For the polydisperse case, we consider an ‘‘equivale
geometry with the same packing fraction, same average g
area, and 369 cylinders, Fig. 1. The cylinder radii range fr
15.6 to 125mm, with an average of 28.7mm. The size dis-
tribution is chosen to approximate that found in a particu
PBX @26#. @In the real material the packing fraction isg
50.93 on account of many very small (,1mm) grains.# The
1.2 mm square domain is resolved comparably to the mo
disperse case by a 1503150 grid, which results in a cell siz
of 8.06mm.

To induce shear, grains are attached to the left and r
boundaries, and the right boundary is moved upward to g
an average shear strain rate of 83104/s. Periodicity is im-
posed in the vertical direction. The monodisperse and p
disperse samples are subjected to average shear stra
excess of 300%.

III. RESULTS

A. Shearing of monodisperse granular material

First we examine the response of the dense,g50.78,
monodisperse sample. When grains are in persistent con

FIG. 1. Monodisperse and polydisperse granular mate
Grains are distinguished by shading.
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shear is accommodated by sliding and rolling. This cau
local dilation and decreases the packing order, first near
left and right boundaries, Fig. 2. By approximately 150
shear, some disorder and dilation is visible in the cen
However, significant order is visible at all times as clumps
particles reorder into regular hexagonal packings locally,
‘‘recrystallize’’ @17#.

The difference in principal stress is detected optically
photoelastic materials@5,6,12,14,16#. To compare with ex-
periments, we display the spatial variation of the differen
in principal stresses in Fig. 2. In Cartesian coordinates,
stress tensor at any spatial point has the form

s5F s11 s12

s12 s22

s33

G , ~4!

where the 3 direction is perpendicular to the shearing pla
Although no out-of-plane shear can develop during pla

l.

FIG. 2. Sheared states of the monodisperse sample,g50.78.
Left, grains are distinguished by shading; right, high stress fo
chains are indicated by light tones for five average shear state~a!
29%, ~b! 70%, ~c! 139%,~d! 213%, and~e! 284%.



n
is
o

ce
in
l
a
ha
f

e

th
r
rl
-
a
p
ge
lo

d

t

not
t ap-

n,
e
e

ulus
ed.
w
, as is
are
ar
lus

ring
of

of
rea
es
ots
int
itial

de-
ear

an
2%
to
hots

ns.
e
the

ial

-
ed

on

ed
tab-

ss
ve

to
load

ial
frac-
the
de-

is-

tly
in
stic
is
val-

al

a
si

PRE 62 3885NUMERICAL STUDY OF STRESS DISTRIBUTION IN . . .
strain deformation of an isotropic material, the out-of-pla
stresss33 is generally nonzero. For this presentation it
convenient to work with the diagonalized stress tens
which can be written

s5F s̄1Ds/2

s̄2Ds/2

s3

G , ~5!

wheres̄5(s11s2)/2, Ds is the ~in-plane! principal stress
difference, and the principal stresses are denoted bys i .

Contour plots of difference in principal stress reveal for
chains involving many grains. Figure 2 shows force cha
for g50.78 and Fig. 3 forg50.65. The plots are individua
time slices from the data sets used in Fig. 4. The force ch
plots are made by contouring as white all values greater t
1.9 times the mean. The threshold values are 216 MPa
g50.78 and 162 MPa forg50.65, and are indicative of th
magnitudes of the force chain stresses.

The chain networks evolve from a regular pattern in
initial hexagonal array, Fig. 2~a!. As rows buckle, disorde
propagates inward. Even though the middle is still regula
packed, Figs. 2~b! and 2~c!, the force chain density is sub
stantially reduced. The remaining order causes force ch
banding, i.e., several adjacent force chains develop as
mary load paths simultaneously and the volume-avera
stress increases. Even after the order of the packing is
overall, the force chains look similar, Figs. 2~d! and 2~e!. For
the largest shear, Fig. 2~e!, some order is reestablished an
force chain banding recurs.~In a recent simulation of the
shear of a dense monodisperse granular material with
discrete element method, in which grains are modeled

FIG. 3. For the lower density, monodisperse case,g50.65, di-
lation occurs near the right boundary. Stress force chains, which
indicated by light tones, are less evident than for the higher den
case. Average shears are 146%~left! and 167%~right!.

FIG. 4. Principal stress difference distributions forg50.65 and
g50.78 monodisperse granular material.
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points interacting through potentials, persistent contact is
observed, force chains are dispersive, and banding is no
parent@18#.!

For the lower density sample,g50.65, deformation is
accommodated differently. Following the initial compactio
which is similar to Fig. 2~a!, a dilated zone develops near th
right ~shearing! boundary as seen in Fig 3. Grains in th
dilated region, or shear band, transfer the shearing stim
through collisions; persistent contact is not maintain
Force chains only form occasionally, involve only a fe
grains, and generate lower stresses than the dense case
quantified in the discussion of Fig. 4. Force chains
quickly dissipated in the bulk material beyond the she
band, as seen in Fig. 3. Consequently, a weak stimu
reaches the bulk of the grains and substantial shea
(>125%) is required to overcome the inertial resistance
the initially stationary grains.

In Fig. 4 are plotted histograms for both densities
monodisperse material giving the fraction of the total a
within which the computed principal stress difference li
within a small interval. The data are comprised of snapsh
which give the principal stress difference at every grid po
at a sequence of times. The sequence begins after the in
order is disrupted and the shearing deformation is well
veloped throughout the material. This corresponds to a sh
strain above 58% forg50.78 and a shear strain greater th
125% for g50.65. Snapshots are separated by about
strain; 8% strain is sufficient for the pattern of force chains
change completely. The data set consists of 133 snaps
for g50.78 and 101 snapshots forg50.65. There are, of
course, for any given snapshot, strong spatial correlatio
For example, distributions in the right and left half of th
sample have the same mean value and variance as in
whole.

For both packing fractions the distribution is exponent
above the mean over four decades~although with substan-
tially different exponent multipliers!. We note that an expo
nential distribution of the particle contact forces is inferr
from the photoelastic response in a recent experiment
continuously sheared granular material@16#. These distribu-
tions, found numerically and experimentally for shear
samples, are reminiscent of exponential distributions es
lished for granular material under compression@4,14#. An
exponential probability distribution of the principal stre
difference within granular material is surprisingly insensiti
to the type of loading and the packing fraction. It appears
be a characteristic of the heterogeneous nature of the
carrying mechanism in granular material.

While both histograms in Fig. 4 show an exponent
character over many decades, that for the dense packing
tion appears to have some downward curvature. While
statistics are not quite good enough to make an accurate
termination, a more convincing downturn is seen in the h
togram of equivalent stress forg50.78, Fig. 5. Plastic yield-
ing first occurs when the equivalent stress (A3J2) equals 300
MPa, the initial yield strength. Stress states significan
greater than the initial yield strength are difficult to obta
due to the greatly reduced material stiffness during pla
deformation. The downturn indicates that plastic yielding
rare. Stress is calculated on material points, but average
ues for computational cells~each containing several materi

re
ty
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points! are used in the statistics, resulting in a gentle bend
the data rather than a sharp transition on account of
smoothing. The effect of lowering the initial plastic yie
strength to promote plastic deformation is explored later.

The principal stress difference is roughly bounded by
equivalent stress. The von Mises yield criterion is 3J22Y2

50. The relationship between the difference in princip
stress andJ2 is given by

Ds52AJ22 3
4 s33

2 . ~6!

From the above equation it is easily seen that the differe
in principal stress is bounded,Ds<2A3J2/A3, whereA3J2
is the equivalent stress. Consequently, the difference in p
cipal stress distribution will reflect that of the equivale
stress. From Fig. 5, the difference in principal stressDs
<23300/A35346 MPa, in general agreement with Fig.
The data used in Fig. 4 are from material-point stress ten
eigenvalues interpolated directly to computational ce
whereas the data used in Fig. 5 are calculated from the c
putational cell stress tensors~material-point stress tensors in
terpolated to computational cells!. The former is a sharpe
representation of particle principal stress differences,
values greater than 346 in Fig. 4 indicate plastic-strain ha
ening. Note that yielding is not evident forg50.65 in either
Figs. 4 or 5.

Experimentally, the average tangential traction required
shear same-sized spherical glass beads under constan
fining pressure and with constant velocity is easily measu
and is found to be approximately constant. By comparis
pressure transducer measurements of normal stresses
areas commensurable with grain diameters show that
stresses fluctuate dramatically when force chains contac
transducer. The distribution in time appears to have a m
or less exponential tail depending on the number of be
over which the boundary traction is measured. It is pos
lated that there is a correlation length and once the meas
ment area is sufficiently large the correlations are washed
and the tail in the distribution boundary traction is expone
tial @15#.

In @16,17#, a similar, two-dimensional, experimental stud
is undertaken. A weakly polydisperse mixture~2500 small
disks and 400 22% larger diameter disks! is sheared unde
constant volume at constant velocity. The disks are pho
elastic and allow an estimate of particle contact forces to
made during the deformation. A steady transition in the d

FIG. 5. Equivalent stress difference distributions forg50.65
andg50.78 monodisperse granular material.
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tribution of particle forces is found. Below the critical pac
ing fraction (g'0.78), the distribution is found to be
power law, near the transition exponential, and above
Gaussian. Boundary traction measurements are not made
are expected to be similar.

One can compare boundary tractions in the constant
ume shear simulations with the above measurements. B
normal ~confining! and tangential~shearing! tractions are
generated during shear. A histogram of the simulated sh
tractions for both packing fractions is shown in Fig. 6. No
that negative values of the shearing traction can be reco
when grains affixed to the boundary propagate release w
following collisions or when the force chains buckle. He
the statistics are not nearly as good~data comprised of ap
proximately 60 000 points! as for spatially varying quantities
~data comprised of approximately 3 000 000 points! and it is
difficult to determine if the histograms have exponential
Gaussian tails, but substantial differences are found betw
the two packing fractions. Initial transients are discarded
for the stress histograms. The broad distribution in Fig. 6
g50.78 is identified, upon further analysis, as the super
sition of two narrower distributions. The one with high
mean value corresponds to the occurrence of stress c
banding, and with lower mean value to its absence.

The confining traction histograms are similar, with me
values 220.43 MPa forg50.78 and23.84 MPa for g
50.65. We use the sign convention that stress is positiv
tension; therefore, negative normal traction represents a
fining boundary pressure. The ratio of the average shear t
tion to the average confining pressure measures the r
tance of the material to shear, or the ‘‘bulk friction,’’m̄.
Recall that for both packing fractions the intergranular co
ficient of friction is 0.3. Forg50.78, m̄50.33. However, for
g50.65, m̄50.08, indicating resistance to shear is reduc
by the development of localized dilation and shear bandi
Not surprisingly, a significant contribution to the bulk fric
tion is the frustration of grain motion and subsequent gr
deformation in dense packings. The effect of the intergra
lar coefficient of friction is investigated more extensively f
polydisperse grain distributions in the next section.

B. The effect of polydispersity

Attention is now focused on the shearing of the polyd
perse grain distribution depicted in Fig. 1, which is more li
real PBXs. The polydisperse sample has a packing frac

FIG. 6. Tangential boundary traction distributions forg50.65
andg50.78 monodisperse granular material.
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g50.78. Of interest in this section is comparing monod
perse and polydisperse grain size distributions for the s
packing fraction, material properties, and intergranular fr
tion coefficient.

Despite the substantial difference in initial geometries,
volume distribution of stress in the ‘‘equivalent’’ polydis
perse case is very similar to its monodisperse counterp
Stress bridging develops similarly, with evolving stress ch
networks. However, the initial configuration provides no e
ceptional resistance to deformation, short-range packing
der is never established, and force chain banding does
occur. Only after the initial transients~average shear strai
greater than 17%! are data used for statistics, resulting in
data set of nearly 3 500 000 data points from 153 snapsh
The distribution of the difference in principal stresses, Fig
is exponential above the mean and statistically identica
that for the monodisperse case for the same packing frac
Distributions of equivalent stress are also statistically ide
cal. These similarities suggest that the stress distributions
insensitive to the grain size distribution, and are a gen
characteristic of the heterogeneous nature of the load ca
ing mechanism in granular materials.

The effect of polydispersity on the shearing traction c
be seen in Fig. 8. In the absence of force chain banding,
distribution has a single maximum. The tails of the distrib
tions are similar in slope for both cases, but no further
sight is provided regarding whether they are indicative of
exponential or Gaussian distribution. The computed b
friction is 0.33 for the monodisperse and 0.48 for the po

FIG. 7. Principal stress difference distributions forg50.78
monodisperse and polydisperse granular materials.

FIG. 8. Tangential boundary traction distributions forg50.78
monodisperse and polydisperse granular materials.
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disperse sample. The monodisperse sample is easier to s
in this sense, even though there are larger fluctuations in
boundary tractions due to stress chain banding.

Slip systems develop in the monodisperse case that
not present in the polydisperse one. Incremental displa
ments between successive snapshots are depicted in F
for 138% and 250% shear strain. Black corresponds to
motion between snapshots and white to the maximu
Groups of grains often slide past each other as typified by
left frames of Fig. 9, where the sharp gradients in shad
indicate slip lines. The additional frustration caused by
distribution of grain sizes in the polydisperse case preve
slip lines from developing. Instead a more uniform deform
tion develops, as typified by the right frames, and the b
friction is higher. Another measure of the system’s resista
to shear is the average power required, which is proportio
to the average shear traction. The polydisperse case req
22% more power to shear.

C. The effect of friction

Attention is now focused on the polydisperse grain dis
bution. Of interest in this section are comparisons of sim
lations with different intergranular friction coefficients an
the same grain size distribution, packing fraction, and ma
rial properties.

The effect of varying the intergranular coefficient of fric
tion is investigated in simulations for coefficients of frictio
ranging from 0.0 to 0.5. After discarding initial transient
deformation to 83% shear strain results in 33 snapshots
approximately 700 000 data points. Histograms of equival
stress for the three coefficients of friction are depicted in F
10. Increasing the coefficient of friction results in larg
stresses and additional plastic yielding. A histogram of
difference in principal stress is similar.

Increasing the intergranular coefficient of friction serv
to shift boundary traction distributions toward larger tra
tions with less variation, as illustrated in Fig. 11. Bulk fric
tions of 0.28, 0.37, and 0.62 are found for coefficients
friction equal to 0.0, 0.3, and 0.5, respectively. The avera

FIG. 9. Normalized displacement magnitudes between g
configurations at 136% and 138%~top! and 248% and 250%~bot-
tom! shear strain forg50.78 monodisperse and polydisper
granular materials.
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power required is 54% and 230% greater, for coefficients
friction 0.3 and 0.5, respectively, than the zero coefficien
friction case. The effect is probably nonlinear and appear
be equally as important as packing fraction.

D. The effect of plasticity

Of interest in this section are comparisons of simulatio
with different material properties, and the same grain s
distribution, packing fraction, and intergranular friction c
efficient. Here a single material parameter, the plastic y
strength, is varied to promote plastic deformation. Simu
tions are performed on the polydisperse sample atg50.78.

Figure 12 shows the effect on the equivalent stress
reducing the yield strength by one-half to 150 MPa. T
simulation is continued to 83% shear strain. The reduction
yield strength does not lead to an obvious increase in pla
deformation. The result seems counterintuitive when con
ering a homogeneous material where reducing the y
strength should serve to cause more material to yield
make yielded states much more probable. This is not the
for granular materials. The essential feature is that the gra
lar material carries shear by a constantly evolving network
force chains. It is only within the force chains that stres
are high enough to cause yielding. Once a grain is no lon
part of a force chain, it unloads elastically. Plastically yie
ing states are localized to grain contacts in force chains
are uncommon.

The variance of the stress distributions is reduced w
reduced yield strength as seen for the equivalent stres

FIG. 10. Equivalent stress distributions forg50.78 polydis-
perse granular material as a function of the intergranular coeffic
of friction.

FIG. 11. Tangential boundary traction distributions forg
50.78 polydisperse granular material as a function of the in
granular coefficient of friction.
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Fig. 12. Consequently the spatial distribution of stress
more homogeneous for the lower yield strength case. T
can also be seen in Fig. 13, where force chains are comp
at 83% shear strain. The plots are of the difference in p
cipal stress, created as described for Figs. 2 and 3. When
yield strength is lower, grains in force chains necessa
carry less force before they begin to yield.~Note the differ-
ence in color bar scales for the two different yield streng
in Fig. 12.! For the same applied load, more extensive plas
deformation in the lower yield case results in a denser n
work of force chains~more lighter areas in the figure! as
more grains are brought into contact. The loading is carr
more homogeneously in the sense that more grains are
volved in the force chain network and the force chains ca
lower stresses. Interestingly, ignoring the color bar sca
the ratio of force chain stress to the ‘‘background’’ stress
largely unaffected, indicating a similarity in relative forc
chain strength.

Decreasing the initial yield strength serves to shift t
normal boundary traction distribution toward smaller mag
tude tractions with less variation, as illustrated in Fig. 1
The normal boundary traction is calculated as negative
compression consistent with the definition of the stress t
sor. The shearing traction distribution has less variation,
the mean is largely unaffected. A bulk friction of 0.58
found for an initial yield strength of 150 MPa~for a yield
strength of 300 MPa, the bulk friction is 0.37!. The average
power required is 7% greater for the lower yielding materi

For elastic materials, where the growth ofJ2 is uncon-
strained, the stress state has been found experimental

FIG. 12. Equivalent stress distribution forg50.78 polydisperse
granular material as a function of initial plastic yield strength.nt

r-

FIG. 13. Force chains at 83% shear forg50.78 polydisperse
granular material as a function of initial plastic yield strength. O
the left the initial yield strength is 300 MPa, on the right, 150 MP
The mean value of the principal stress difference is 112 MPa wi
threshold of 212 MPa on the left, and a mean of 59 MPa an
threshold of 116 MPa on the right. Material with values of t
principal stress difference above the threshold are white.
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give rise to an exponential spatial distribution ofDs ~using
photoelasticity @14#!. The authors are unaware of an
‘‘photoelastic-plastic’’ materials, but if there were, optic
techniques could be used to detect plastic yielding in gra
lar materials.

During large shear, permanent deformation should oc
first at grain edges where large contact stresses are ex
enced. However, little apparent deformation of the grain
observed. Grains deform plastically when participating
strong force chains, but otherwise elastically. Evidently,
transient nature of the force chains results in compressio
the grains from different directions and no obvious perm
nent bulk deformation.

E. The effect of grain shape

Of interest in this section is a comparison of simulatio
with cylindrical and hexagonal grain shapes, and the sa
grain size distribution, packing fraction, material properti
and intergranular friction coefficient. The initial geometr
with hexagonal cross sections replacing the circular one
shown in Fig. 15.

The effect of varying the cross sectional grain shape
investigated by performing a simulation to 83% shear stra
Histograms of equivalent stress for both grain shapes
depicted in Fig. 16. The histograms are similar, although
hexagonal grain shapes the stresses are systematically la
A histogram of the difference in principal stress is simila
As might be expected, granular contact between grains w
corners results in the generation of larger stresses.

The nominal value of 0.3 for the intergranular Coulom
friction coefficient results in a bulk friction for the hexagon
cross sections of 0.52, compared with 0.48 for circular cr
sections. The average power required is 50% greater for

FIG. 14. Normal boundary traction distributions forg50.78
polydisperse granular material as a function of initial plastic yi
strength.

FIG. 15. Initial configurations forg50.78 polydisperse granula
material with cylindrical and hexagonal cross sections.
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agonal cross sections. Both measures of resistance to s
indicate that grains with corners are more difficult to she

IV. CONCLUSIONS

Through micromechanical simulations with deformab
grains we have sought to extend our understanding of gra
lar materials to include some of the properties of real ma
rials, including polydispersity, friction, varying grain shap
and plastic deformation. Most of the simulations are
packing fractions close to what has been described as
critical packing fraction,g50.78, but one simulation a
lower packing fraction,g50.65, illustrates some of the
changes that can occur when the density is decreased.
most striking feature of all of the simulations, as in expe
ments and simulations of granular materials reported by o
ers, is the high degree of spatial correlation at each ins
and the simultaneous high level of fluctuations in the str
over time. Arguments based on the decorrelation of str
chains in time allow us to assemble the data from the co
puted response of granular materials to applied shea
strain into a probability density function for the volume di
tribution of the difference in the principal stress. Exponent
distributions of principal stress difference, above the me
are found in all cases. The form of the stress distribut
persists under a variety of material parameters, grain ge
etries, and packing fractions, indicating that these distri
tions are characteristic of the heterogeneous nature of gr
lar media where loads are carried by a small fraction of
material in force chains. If further studies should confirm t
results of these simulations, we speculate that description
the bulk properties of granular materials might be based
knowledge of the probability distribution function for th
stress.

Because there are few materials for which the stress
tribution in the volume can be measured directly, we ha
explored the possibility that measurements of the statistic
surface traction can be related to the volume stress distr
tion. The results of the simulations are ambiguous, as
those from experiments, on whether the surface traction
tribution is Gaussian or exponential in form. In the case
the simulations, one obvious difficulty is that the data s
from which the distributions must be inferred are mu
smaller for the boundary than those for the volume.

Although distributions of stress are similar in character
all cases, the ease with which granular material can

FIG. 16. Equivalent stress distribution forg50.78 polydisperse
granular material as a function of initial cylinder cross-secti
shape.
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sheared depends strongly on all of the parameters. The
friction coefficient, as measured by the ratio of tangentia
normal components of traction on the boundary, is alw
higher than the intergranular Coulomb friction coefficie
when the packing fraction is near critical,g50.78, but is
smaller wheng50.65. We find that monodisperse samp
are easier to shear than polydisperse samples. Slip sys
develop in the monodisperse case that appear to be frust
by the grain size distribution for polydisperse samples.
might be anticipated, increasing the intergranular Coulo
friction coefficient results in larger stresses and additio
plastic yielding, although the relationship appears to be n
linear. Changing the grain shape from disks to hexagons
shifts stress distributions to higher values, even though
intergranular friction coefficient is the same.

A new phenomenon, force chain banding, is observed
the monodisperse sample at the critical packing fraction
has been shown to correspond to recrystallization of the
terial. Configurations with regions of grains in a regular he
agonal packing have larger tangential boundary tractions
average, resulting in a higher bulk friction coefficient f
these states. For the polydisperse sample, crystalline pac
is not possible and no force chain banding is observed.

Also not previously observed is the effect of plastic yie
ing. Surprisingly, yielded states are relatively rare even w
the yield strength of the grains is reduced in dense packi
Plastically yielded states are localized to grain conta
oli

e
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s
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n-
so
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in
d
a-
-
n

ing

n
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ts

within force chains and grains unload elastically when n
part of a chain. Under shear, force chains are consta
evolving and are short lived; however, there tend to be m
chains at any given instant in the lower-yield material. T
higher chain density reflects a more uniform stress distri
tion, i.e., the width of the distribution is decreased.

Our direct numerical simulations incorporate the b
available information regarding constitutive behavior of ea
grain, which allows us to simulate specific materials and
make direct connections to experiments, and even to ex
our investigations beyond current experimental capabilit
Most experimental work for which the deformation is cha
acterized on the scale of the grains is on cylindrical
spherical particles of uniform size. Far less experimental d
exist for other shapes and size distributions. In part this
due to the desirability of using photoelasticity to obtain e
perimental information, and the difficulty in obtaining pre
pared photoelastic grains in other shapes. The use of ph
elastic materials also limits the range of material proper
and interfacial friction that can be investigated. Direct n
merical simulations as reported here suffer no such lim
tions.
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